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Abstract 
In 3½½-axis machining a curved surface is partitioned and machined in sections. The tool orientation and 
section boundaries are determined to minimize the overall machining time. For each section the tool 
orientation is different but remains constant while machining this section. The strategy developed so far is 
based on local surface properties. However, tool position is a regional issue. For an ideal tool positioning the 
shape of the tool must match the shape of the surface around it. The Rolling Ball Method (RBM) is a 
technique that takes into account the regional characteristics of tool positioning, but it is designed for 5-axis 
simultaneous machining of complex surfaces. In this work, the RBM is adapted for subdividing a surface and 
to determine the tool orientation. The implementation of the RBM for 3½½-axis machining method offers a 
new scheme for surface partitioning and tool positioning. The pseudo-radius of curvature used by the RBM 
algorithm provides a new geometrical criterion to sub-divide the surface. After the surface is sub-divided, the 
RBM is used to compute a gouge-free tool position at each point defining a section. This implementation is 
tested with a curved surface and compared with the 5-axis RBM machining method. 
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1 INTRODUCTION 

The Rolling Ball Radius concept developed by Gray et al. 
[1,2] is based on positioning a spherical ball at the 
contact point and inflating it until it touches another point 
on the surface. This is the largest ball that can sit on that 
point. The method results in a variable radius of the ball 
at points along the tool path. The ball approximates a 
portion of the surface in the vicinity of the cutting tool. 
This ball encapsulates the tool and is used to determine 
its position and orientation at each point of the tool path. 
The regional nature of the RBM coupled with simplicity of 
calculation made it an ideal choice for use in the 3½½-
axis strategy.   

The radius of the ball at various tool positions provides a 
new geometrical criterion to identify the patches. After the 
surface is sub-divided, the RBM is used to compute a 
gouge-free tool position at each point defining a patch. 
To avoid any gouging risk, the most inclined computed 
tool axis along the optimal feed direction is selected and 
set to be the tool orientation for computing the tool path 
and machining the considered patch.  
This paper presents the theory behind the Rolling ball 
method and its implementation for 3½½-axis machining. 
This method, initially designed for 5-axis machining, is 
adapted to fit the requirements of 3½½-axis that include 
a fixed tool orientation and patch-by-patch machining. A 
curved surface is used to test the implementation and 
compared with actual machining tests.  

2 RELATED WORK 

Researchers have attempted to take advantage of five-
axis methods without using the expensive 5-axis 
machines. The methods are commonly based on a fixed 
tool orientation, which is optimized for machining a region 
and does not involve changing the tool orientation as in 
simultaneous 5-axis machining. 3½½-axis machining 
strategies have generally focused on the subdivision of 
the surface and finding tool orientations for those 
regions. Ralph and Loftus [3] and Suh et al. [4,5] 
developed 3½½-axis machining strategies that can be 
carried out on 3-axis machines. Yet, the methods require 
extensive computation and in most of the cases the 
partitioning is not guaranteed to be optimal. A different 

approach that was not based on the partitioning of a 
surface was developed by Gray [6]. This method, called 
3½½-axis Arc-Intersect Method (AIM), uses a tool 
orientation that is optimized for each tool pass and not for 
a specified region. However, this method requires a large 
number of orientation changes, which increases 
considerably the machining time for indexible 5-axis 
machines. A previous work by the authors [7] followed 
the concept proposed by Chen et al. [8] and developed a 
patch-by-patch machining method for sculptured 
surfaces. Both methods identify regions with similar 
surface properties using clustering algorithms. Although 
these methods confirmed the effectiveness of 3½½-axis 
machining they showed some limitations that included 
the use of local parameters. To overcome this limitation, 
this work will replace the partitioning parameters with the 
radius of the inflated ball obtained using the RBM 
method. The theory and implementation of this method 
will be presented in the following section. 

3 ROLLING BALL METHOD 

The basic idea of the RBM consists of locally 
approximating the surface around the machining point 
with a portion of a sphere. A sphere can be used as an 
interface between the surface and the cutting tool to 
provide a support for tool positioning. The tool is placed 
inside this sphere such that the cutter contact point 
coincides with the machining point. To guarantee a 
gouge-free tool positioning, the radius of the sphere is 
determined by the largest ball that can sit at the 
machining point without gouging points on vicinity. This 
portion of surface, where the gouging risk exists, is the 
shadow area or the region that the tool casts a shadow 
on. For each point on this shadow area, the radius of the 
ball represents a pseudo-radius of. At the contact point, 
the sphere fits the local surface without gouging the 
surface. Finally, the tool can be safely positioned inside 
the sphere such that it forms a circular line of contact [9]. 

3.1 Shadow area 

The area in the shadow of the tool represents the region 
of the tool and surface that must be taken into account in 
order to compute a gouge-free tool position. This region 



is not initially known because it depends on the tools 
orientation and final position. Thus, the tool projection 
onto the surface is over-estimated by a circular region 
and this larger circular zone is used in the computation. 
This shadow area of the tool is divided into 5 concentric 
circles composed of 100 points each and for these points 
the pseudo-radius of curvature is computed. The points 
are referred to as the shadow-check points. The center of 
the shadow area is located at majorR  from the cutter 

contact point along the direction opposed to the feed-
direction. The radius of the shadow area is set to be 
equal to major + ´2 minorR R , as shown in Figure 1. 

 

Figure 1 Shadow area (top view) 

3.2 Pseudo-radius of cuvature 

The Pseudo-radius of curvature is defined as the radius 
of the circle whose center lies along the surface normal 
(N) at the cutter contact point and the circle passes 
through the cutter contact point (ccp) and the shadow 
checking point [2]. The computed pseudo-radii at all the 
shadow-check points for a cutter contact point are 
compared to identify the ‘most concave’ radius. This 
radius is selected to be the pseudo-radius of the sphere 
used for tool positioning. The pseudo-radius of curvature 
is shown in Figure 2 and is given by the Equation (1): 
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Figure 2 Pseudo-curvature circle 

 

3.3 Tool positioning 

Warkentin et al. [10] showed that any cylindrical tool, be 
it toroidal or flat-ended can be positioned inside a sphere 
such that it forms a circular line of contact. Since the 
sphere is positioned such that it does not gouge the 
surface. Positioning the tool inside it guarantees a gouge 
free tool position. However, there are infinite ways to 
position the tool in the sphere. Since there is only one 
contact point between the sphere and the surface, it is 
set to be the cutter contact point so the cutting tool is 
ensured to contact the surface at one point.  
In the RBM method the tool is positioned at the contact 
point and maintains circular line of contact with the ball 
[2]. The tool center position (Tc) inside the sphere 
centered at the origin of the coordinate system is given 
by 
 

[ ]

ˆ ˆ

ˆ ˆ
, (0,0, )

ˆ ˆ

0 0 0 1

x x x x

y y y y
x

z z z z

du dv N ccp

du dv N ccp
Tc R a

du dv N ccp
f

� �
� �
� �

= � �
� �
� �
� �

 (3) 

where a is the distance between the lowest point of the 

sphere and the tool center, d̂u is the tangent to surface in 
u-parametric direction at the cutter contact point, and 

d̂v is the tangent to surface in v-parametric direction at 
the cutter contact point. The tool center parameters also 
include 
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where 0R is the sphere radius, 1R is the major tool 

radius, 2R is the insert radius and f  inclination angle 

with respect to the X- axis.  
T is the tool axis rotated such that the lowest point of the 
rolling ball touches the surface at the ccp and the Z-axis 
of the ball is aligned with the surface normal. T can be 
calculated using Equation (6) 
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4 IMPLEMENTATION OF THE RBM FOR 3½½-AXIS 
MACHINING 

The implementation of the RBM begins by extracting the 
surface coordinates and the pseudo radiuses for a set of 
sample points. The clustering algorithm uses these 
parameters to define the surface patches that should be 
machined separately with different feed directions, tool 
orientations and side steps. A tool path is generated both 
for machining within a patch and for rapid travel from one 
patch to the next. Although this method can sub-divide a 
surface into a specified number of patches, it does not 
yield the optimal number of patches that results in the 
smallest machining time. To calculate the optimal 
number of patches, the surface is divided into varying 



different number of patches and the machining time is 
calculated for each partitioning.  The machining time is 
calculated for a range of patches selected by the user. 
Finally, the partitioning that results in the smallest 
machining time is selected for machining. 

4.1 Clustering 

The clustering process begins by calculating the Rolling 
Ball Radius for each sample point. A feature vector is 
formed using the surface coordinates and the 
corresponding pseudo-radius. The surface coordinates 
describe the spatial location of the sample point and the 
pseudo radiuses are significant indicators of the shape. 
The feature vector is normalized and used as the input to 
the k-means clustering algorithm to divide the surface 
into a determined number of patches. 
The k-means clustering algorithm is used to divide the 
data set into a predetermined number of patches. This 
algorithm uses an objective function that is based on the 
square-error distance and is defined as 
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where k is the number of patches, n is the number of 
sample points, pi is the sample point and Cj are the 
centroids of the partitions.  

4.2 Tool path generation 

The tool path generation process starts by determining 
an optimal tool orientation and feed direction. The 
calculation of these two parameters is conducted using a 
2-D projected surface normal plane. The projected 
surface normal plane is determined by moving the normal 
vectors at all the points within a patch to a common origin 
of a coordinate system. The tips of the surface normals 
are approximated by an ellipse, which fits the data to 
within one sigma. The centre of the ellipse is positioned 
using the mean of the X-Y coordinates of the projected 
surface normal vectors, as shown in Figure 3. The 
parameters of the ellipse are defined by the eigenvalues 
( l ) and eigenvectors (v) of the covariance (c) of the 
surface normal vectors, where every nonzero vector v 
satisfying the Equation (8) is an eigenvector of c  
associated with the eigenvalue l  [11].  

 

Figure 3 Projected surface normals plane 

cv vl=  (8) 

The feed direction is determined to be along the major 
axis (v1), which minimizes the deviation between the tool 
axis and the surface normals within a patch. This feed 
direction is used to calculate the tool orientation and 

minimize the variations of the tool axis with respect to the 
surface normals.  
Using the method described in section 3.3, the tool axis 
for each sample point is determined. Then, the most 
inclined tool axis (Tmax) with respect to the optimal feed 
direction is determined. Since this tool axis is not always 
along the feed direction, Tmax is projected along the feed 
direction, as shown in Figure 4. This projection 
guarantees that the tool axis minimizes the deviation 
within the tool axis and the surface normals. This 
projected tool axis (T*) is then set to be the tool 
orientation for machining the patch.  

The tool path is generated after partitioning the surface 
and determining the tool orientation for each patch.  To 
machine the surface the user specifies the tool path 
pattern, namely zigzag or parallel. In the zigzag path the 
tool moves back and forth along the feed direction 
contacting the surface at all times. In the parallel path the 
tool cuts the surface as it moves in the feed direction, but 
lifts up and moves rapidly when returning.  

 

Figure 4 Tool orientation 

Once the tool path pattern is determined, the tool path for 
each patch is generated. First, a patch to be machined is 
selected. The first tool pass for the patch is started from 
one end of the whole surface. A line is generated using 
the optimal feed direction. All the contact points from the 
pass are evaluated to determine if they belong to the 
patch, as shown in Figure 5. The classification process is 
conducted using the minimum intra-class distance 
(MICD), shown in Equation 14. In the MICD method the 
patches are represented by the mean (m) and the 
covariance (c) of the surface coordinates for each patch. 
For each contact point (ccp), the distance with respect to 
all the patches is calculated. The contact point belongs to 
the patch if it has the minimum MICD with respect to all 
the patches. The contact points from a tool pass that 
belong to the patch are stored in a table. If the contact 
points do not belong to the patch they are skipped and 
the next tool pass is calculated. The next pass is located 
using the side step distance from the current pass in the 
feed direction and the process repeats until the entire 
surface is covered. Once the first patch is complete, a 
tool path is generated. Finally, the process is repeated 
for all the remaining patches.  
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4.3 Machining tests 

To validate the implementation of the RBM for 3½½-axis 
machining method, machining tests were conducted on a 
Deckel Maho 5-axis machining center. Although this  



 

Figure 5 Classification of contact points 

Machine supports simultaneous interpolation along its 
five axes, it was used as an indexible machine.  

To find the best partitioning, the surface was partitioned a 
number of times within range of up to eight patches. It 
was found that for more than eight patches the estimated 
machining time kept on increasing and the partitioning 
process was not continued. The best times are shown in 
Table 1 and compared with the RBM using simultaneous 
5-axis machining. 

The best partitioning for the test surface is shown in 
Figure 6, which resulted in a machining time of 11.10 
min. The machining test surface is presented in Figure 7. 
In comparison, the 5-axis RBM machining test using the 
same machining conditions was 13.50 min.  

 

Figure 6 Optimal partitioning for the Bézier surface 

5 CONCLUSIONS 

The implementation of the 3½½-axis machining method 
with the Rolling Ball Method provides improvements in 
the surface partitioning process as well as in tool 
positioning. Since the tool axis remains fixed during 
cutting, the tool offers a better surface finish and constant 
feed rates, which can allow the use of higher machining 
feed rates and machining time savings.  

The machining tests conducted verified that the 
implementation of the RBM for 3½½-axis machining 
strategy can identify the optimal number of patches 
resulting in the lowest machining time while satisfying the 
surface tolerance. The proposed method was compared 
to the 5-axis method and resulted in machining time 
savings of about 20%. 

Table 1 Experimental machining times. 

 Machining time 

RBM 3½½-axis (1 patch) 12.31 min. 

RBM 3½½-axis (2 patches) 11.10 min. 

RBM 5-axis 13.50 min. 

 

Figure 7 Test Surface 1   
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